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Definition
Let k < k' < \. Extenders E on (k,\) and F on (', \) are coherent if
JF(E) | A = E where jg is an embedding derived from F.
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Definition
Let k < k' < \. Extenders E on (k,\) and F on (', \) are coherent if
JF(E) | A = E where jg is an embedding derived from F.

From the definition above, we have that E is Mitchell below F in the sense
that E € Ult(V, F).
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Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (supy<y ko)t
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Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is

limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:

SN E I ITEts i e EE N (TG Blowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020




Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:

Q Ifjo:V — M,=Ul(V,E,), we have crit(jo) = Ka, ja(Ka) = A,

Ra M, C My and M, computes cardinals correctly up to and including
A
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Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:
Q Ifjo:V — M,=Ul(V,E,), we have crit(jo) = Ka, ja(Ka) = A,
Ra M, C My and M, computes cardinals correctly up to and including

A

@ There is a function s, : Ko — Ko Such that j,(sq)(ka) = SUPg<y K-
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Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:
Q Ifjo:V — M,=Ul(V,E,), we have crit(jo) = Ka, ja(Ka) = A,
Ra M, C My and M, computes cardinals correctly up to and including
A
@ There is a function s, : Ko — Ko Such that j,(sq)(ka) = SUPg<y K-
@ (E.:a <n) is pairwise coherent.
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Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:
Q Ifjo:V — M,=Ul(V,E,), we have crit(jo) = Ka, ja(Ka) = A,
Ra M, C My and M, computes cardinals correctly up to and including
A
@ There is a function s, : Ko — Ko Such that j,(sq)(ka) = SUPg<y K-
@ (E.:a <n) is pairwise coherent.
Then there is a A-c.c. forcing extension such that in the generic extension,
for limit 3 <m, 2% > Ng.q and 2% =N, 5.
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N
Main theorem

Theorem

Given an increasing sequence of cardinals (ko : o < n) where n < kg is
limit. Let X = (sup,<, ka)*t. Assume for each a, there is a
(K, \)-extender E,, such that:
Q Ifjo:V — M,=Ul(V,E,), we have crit(jo) = Ka, ja(Ka) = A,
Ra M, C My and M, computes cardinals correctly up to and including

A
@ There is a function s, : Ko — Ko Such that j,(sq)(ka) = SUPg<y K-
@ (E.:a <n) is pairwise coherent.

Then there is a A-c.c. forcing extension such that in the generic extension,
for limit 3 <m, 2% > Ng.q and 2% =N, 5.

The assumptions can be prepared with a sufficiently large Woodin cardinal.
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Extenders

Recall A = (supg<y Ka) T
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Extenders

Recall A = (supg<y Ka) T
Definition

dy is an a-domain if d, € [A]"* and ko + 1 C d,.
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N
Extenders

Recall A = (supg<y Ka) T

Definition

dy is an a-domain if d, € [A]"* and ko + 1 C d,. J

Recall j, : V — M, and "= M, C M,,.
Definition

mca(da) = (o | doc)_l = {Ua(7):7) 1 v € da}.
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Extenders

Recall A = (supg<y Ka) T
Definition
dy is an a-domain if d, € [A]"* and ko + 1 C d,. J

Recall j, : V — M, and "= M, C M,,.
Definition

mca(da) = (o [ da)™t = {(a(7),7) : v € du}. Abbreviate mc,(d,) by
mc,,.
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Extenders

Recall A = (supg<y Ka) T
Definition
dy is an a-domain if d, € [A]"* and ko + 1 C d,. J

Recall j, : V — M, and "= M, C M,,.
Definition

mca(da) = (o [ da)™t = {(a(7),7) : v € du}. Abbreviate mc,(d,) by
mc,,.

Definition
A € E,(dy) iff mey € jo(A).
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Extenders

Definition

OB.(dy) is the collection of functions p such that
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Extenders

Definition
OB.(dy) is the collection of functions p such that
© dom(u) C dy, rge(i) C kq, and kq € dom(p).
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Extenders

Definition
OB.(dy) is the collection of functions p such that
© dom(u) C dy, rge(i) C kq, and kq € dom(p).

@ |dom(u)| = p(Ka), which is below ko, and ji(kq) is inaccessible.
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Extenders

Definition
OB.(dy) is the collection of functions p such that
© dom(u) C dy, rge(i) C kq, and kq € dom(p).
@ |dom(u)| = p(Ka), which is below ko, and ji(kq) is inaccessible.

© u is order-preserving.
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N
Extenders

Definition

OB.(dy) is the collection of functions p such that
© dom(u) C dy, rge(i) C kq, and kq € dom(p).
@ |dom(u)| = p(Ka), which is below ko, and ji(kq) is inaccessible.
© u is order-preserving.

Q For 5 € dom(p) Nkq, p(B) = B.

Lemma
OB.(dn) € En(da).

SN E I ITEts i E L EE N (TG AWV Blowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020




Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.
O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.

O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.

O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (|dom(u)| = p(ra))
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.
O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (| dom(u)| = p(ka))

|dom(mc,)| = ko = Mca(a(ka))-
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.
O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (| dom(u)| = p(ra))
| dom(mcy)| = ko = mca(a(ka))-

© [ is order-preserving
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.

O (dom(u) C da, rge(u) C ke, and ko € dom(p)).

dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (|dom(p)| = p(ka))

| dom(mcy)| = ko = mca(a(ka))-
© [ is order-preserving

Ja(70) <Ja(m) iff 70 < 1.
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.

O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (|dom(u)| = i(a)
| dom(mcy)| = ko = mca(a(ka))-
© [ is order-preserving
Ja(70) <Ja(m) iff yo < 1.
Q [ €dom(pu)Nka, u(B) =4
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Extenders

Recall mey = {(ja(7),7) : 7 € da}. Also (ja(ka), Ka) € mcy because
Ko € dg.

Proof.
O (dom(u) C da, rge(u) C ke, and ko € dom(p)).
dom(mcy) = jalda] C ja(da). rge(mecy) = do € A C ju(ka)-
@ (| dom(p)| = p(ka))
| dom(mcy)| = ko = mca(a(ka))-
© . is order-preserving
Ja(70) <Ja(m) iff yo < 1.
O [ cdom(p) Nkq, w(B) =20
dom(mcy) Njo(ka) = Jalda] Nja(Ka) = do N Kq, and crit(ja) = Ka.

O

v
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Extenders

o If d, C d,, we have a natural projection 7y g, : ft > i | da.

[iaal I W\ I ST e EE T (@YX Blowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020



Extenders

o If d, C d,, we have a natural projection mq: 4, : ft+ i | do. This
induces a projection from E,(d) to E,(da).
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Extenders

o If d, C d,, we have a natural projection mq: 4, : ft+ i | do. This
induces a projection from E,(d) to E,(da).

o For a <7, let Ry = supg, K, and Fo = max{w,n} < ko.
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Extenders

o If d, C d,, we have a natural projection mq: 4, : ft+ i | do. This
induces a projection from E,(d) to E,(da).

o For a <7, let Ry = supg, K, and Fo = max{w,n} < ko.

@ In particular, if & = 41, Ko = k. If ais limit, Ky < Kq.
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Forcings

Instead of giving a formal definition, we start off with a pure condition.

SN E I ITEts e EE N NGV B lowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020



Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that

Q f, is a partial function from A to k, such that d, := dom(f,) is an
a-domain.
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that

Q f, is a partial function from A to k, such that d, := dom(f,) is an
a-domain.

Q A, € En(dy).
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that
Q f, is a partial function from A to k, such that d, := dom(f,) is an

a-domain.
Q@ A, € E,(da).
© H, = (H3, HL, H2)
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that
Q f, is a partial function from A to k, such that d, := dom(f,) is an
a-domain.

Q@ A, € E,(da).

Q@ H, = (HO, HL, H2) where dom(H?) = dom(HL) = A,, and
dom(HZ) = Aa(kia) =: {pu(ka) : 1 € Aa}
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that

Q f, is a partial function from A to k, such that d, := dom(f,) is an
a-domain.

Q@ A, € E,(da).

Q@ H, = (HO, HL, H2) where dom(H?) = dom(HL) = A,, and
dom(HZ) = Aa(kia) =: {pu(ka) : 1 € Aa}

Q (d,: a <mn)is C-increasing.
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Forcings

Instead of giving a formal definition, we start off with a pure condition. A
pure condition is p = (p, : a < 1) such that p, = (fy, Aa, Hy) such that

Q f, is a partial function from A to k, such that d, := dom(f,) is an
a-domain.

Q@ A, € E,(da).

Q@ H, = (HO, HL, H2) where dom(H?) = dom(HL) = A,, and
dom(HZ) = Aa(kia) =: {pu(ka) : 1 € Aa}

Q (d,: a <mn)is C-increasing.

@ For each p1 € A, with v = pu(ky), HO (1) € Col(RY, < v),
HL (1) € Col(v, s4(v) "), and H2(v) € Col(sa(v)*3, < Ka).
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, f‘Zo> p1 = (f1, A1, /‘11> p2 = (f, A2, @2) p3 = (f3, As, f‘Z3>
do = (80, Bo, Ko) q1 = (g1, B1, K1) a2 = (&2, B2, K2) g3 = (g3, B3, K3)

Direct extension: g <* p if for all o we have
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, f‘Zo> p1 = (f1, A1, /‘11> p2 = (f, A2, @2) p3 = (f3, As, f‘Z3>
do = (80, Bo, Ko) q1 = (g1, B1, K1) a2 = (&2, B2, K2) g3 = (g3, B3, K3)

Direct extension: g <* p if for all o we have
(1) 8a < fa-
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, f‘Zo> p1 = (f1, A1, /‘11> p2 = (f, A2, @2) p3 = (f3, As, f‘Z3>
qo = (80, Bo, Ko) q1 = (g1, B1, K1) g2 = (g2, B2, K2) q3 = (g3, B3, K3)

Direct extension: g <* p if for all o we have
(1) 8a < fa-

@ B, projects down to a subset of A,, meaning
{p [ dom(fy) : p € By} C Aq.
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Forcing extensions

0 1 2 3

I ]
T T

po = (fo, Ao, f‘Zo> p1 = (f1, A1, /‘11> p2 = (f, A2, @2) p3 = (f3, As, f‘Z3>
qo = (80, Bo, Ko) q1 = (g1, B1, K1) g2 = (g2, B2, K2) q3 = (g3, B3, K3)

Direct extension: g <* p if for all o we have
Q g, <o

@ B, projects down to a subset of A,, meaning
{p [ dom(fy) : p € By} C Aq.

© For 1 =0,1, K!(u) < H! (1 | dom(£,)), and
Kz (1(ka)) < Ha(1(Ka))-
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, €o> p1 = (f, A1, @) p2 = (f2, Az, /‘:’2> p3 = (f3, As, 1'23>
go = (to, Co. Lo) g1 = (t1,Ci, L1) g2 = (g2, X2, ) q3=(f3,As3, H3)

One-step extension (example): p is pure and p € A;.
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, €o> p1 = (f, A1, @) p2 = (f2, Az, /‘:’2> p3 = (f3, As, 1'23>
go = (to, Co. Lo) g1 = (t1,Ci, L1) g2 = (g2, X2, ) q3=(f3,As3, H3)

One-step extension (example): p is pure and i € Ap. One-step extension
of p by p, with v = p(k2) is a condition g, written by p + p, such that:

Q@ go. = p, for a > 2.
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Forcing extensions

0 1 2 3

I ] ] ]
T T T T

po = (fo, Ao, €o> p1 = (f, A1, /21> p2 = (f2, Az, /‘:’2> p3 = (f3, As, €3>
go = (to, Co. Lo) g1 = (t1,Ci, L1) g2 = (g2, X2, ) q3=(f3,As3, H3)

One-step extension (example): p is pure and i € Ap. One-step extension
of p by p, with v = p(k2) is a condition g, written by p + p, such that:

Q@ go. = p, for a > 2.

@ Overwrite g» by pu: dom(g2) = dom(f2) and ga(y) = p(7y) if
v € dom(u), otherwise go(y) = (7).
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Forcing extensions

0 1 2 3

po = (o, Ao, Ho) p1 = (f1, Ar, /:71> p2 = (f, Ao, Ho) ps = (f3, As, Hs)
g0 = (to, Co, Lo) g1 = (11, Ci, L1) g2 = (82, A2, h2) g3 = (£, A3, H3)
One-step extension (example): p is pure and i € Ap. One-step extension
of p by p, with v = p(k2) is a condition g, written by p + p, such that:

Q@ go. = p, for a > 2.

@ Overwrite g» by pu: dom(g2) = dom(f2) and ga(y) = p(7y) if
v € dom(pu), otherwise g»(7y) = f2(7y). Denote g» by fr @ p.

9 /\2 = SQ(IJ)JFJr (recall j2(52)(lﬁ?2)++ = )\)
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Forcing extensions

0 1 2 3

po = (o, Ao, Ho) p1 = (f1, Ar, /:71> p2 = (f, Ao, Ho) ps = (f3, As, Hs)
g0 = (to, Co, Lo) g1 = (11, Ci, L1) g2 = (82, A2, h2) g3 = (£, A3, H3)
One-step extension (example): p is pure and i € Ap. One-step extension
of p by p, with v = p(k2) is a condition g, written by p + p, such that:

Q@ go. = p, for a > 2.

@ Overwrite g» by pu: dom(g2) = dom(f2) and ga(y) = p(7y) if
v € dom(pu), otherwise g»(7y) = f2(7y). Denote g» by fr @ p.

9 /\2 = SQ(IJ)JFJr (recall j2(52)(lﬁ?2)++ = )\)
© hy = (H(n), H3 (), H3(v)).
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Forcing extensions

0 1 2 3

I ]
T T

po = (fo, Ao, Ho) p1 = (R, A1, Fi) pa=(fr, Ao, ) p3s = (fs, As, Hs)
g = (to. Co.Lo) g1 = (t1.Ci.L1) o= (g2, Mo, h) g3 = (5, As, H3)
One-step extension (example): p is pure and i € Ap. One-step extension
of p by p, with v = p(k2) is a condition g, written by p + p, such that:
Q@ go. = p, for a > 2.
@ Overwrite g» by pu: dom(g2) = dom(f2) and ga(y) = p(7y) if

v € dom(u), otherwise go(7y) = f2(7). Denote g» by f> & p.
O N2 = s(v)TT (recall jo(s2)(k2) T = N).
@ hy = (H3(n), H3 (1), H3(v)).
(5 ) tozfoo,ufl, tlzflopfl, Co:Aoo,ufl, C1:Alo,u*1.
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Forcing extensions

0 1 2 3

Po = <fva0’ €0> P1 = <f17A1) 'liil> p2 = <f27A27 I:_I:2> pP3 = <fi’nA3a 'L:I:3>
qo = (to, Co, Lo) g1 = (t1, Ci. L1)  qo = (g2, A2, h2) q3 = (f3,As3, H3)

0 K1 < X< Ky
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Forcing extensions

0 1 2 3

Il
i T

Po = <fva0’ €0> P1 = <f17A1) 'liil> p2 = <f27A27 I:_I:2> pP3 = <fi’nA3a IL:I:3>
qo = (to, Co, Lo) g1 = (t1, Ci. L1)  qo = (g2, A2, h2) q3 = (f3,As3, H3)

0 K1 <A< kKp.

o <q0,q1> Wi|| now Iive in IP)<EO[/\27EI[,\2>.
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Forcing extensions

0 1 2 3

Po = <fva0’ €0> P1 = <f17A1) 'liil> p2 = <f27A27 I:_I:2> pP3 = <fi’nA3a IL:I:3>
qo = (to, Co, Lo) g1 = (t1, Ci. L1)  qo = (g2, A2, h2) q3 = (f3,As3, H3)

0 K1 <A< kKp.

o <q0,q1> Wi|| now Iive in P<Eo[/\2751[,\2>.
@ Recall v = g»(k2) = p(k2). Then
K<V < SQ(V) < SQ(V)Jr < 52(V)+2 = )\2 < 52(1/)+3 < K2,
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Forcing extensions

0 1 2 3

Po = <fva0’ €0> P1 = <f17A1) 'liil> p2 = <f27A27 I:_I:2> pP3 = <fi’nA3a 'L:I:3>
qo = (to, Co, Lo) g1 = (t1, Ci. L1)  qo = (g2, A2, h2) q3 = (f3,As3, H3)

0 K1 <A< kKp.

L <CIo,CI1> will now live in P<E0[/\2,El[/\2>.

o Recall v = ga(k2) = p(k2). Then
K1 < v <s(V) <)t <s)? =< ()3 <k, and
hy € Col(k1, < v) x Col(v, s(v)") x Col((s2(1)) 13, < k2).
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Forcing extensions

0 1 2 3

Po = <fva0’ €0> P1 = <f17A1) Eil> p2 = <f27A27 I:_I:2> pP3 = <fi’nA3a 'L:I:3>
qo = (to, Co, Lo) g1 = (t1, Ci. L1)  qo = (g2, A2, h2) q3 = (f3,As3, H3)

0 K1 <A< kKp.

L <CIo,CI1> will now live in P<E0[/\2,El[/\2>.

o Recall v = ga(k2) = p(k2). Then
K1 < v <s(V) <)t <s)? =< ()3 <k, and
by € Col(k1, < v) x Col(v, sp(v)") x Col((s2(v)) "3, < k2).

@ In particular, a few cardinals in the interval (K1, kp| are preserved.
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o Recursively define p + (1o, ., jtk—1) = (P + 10) + {11, -, k1.
q<pifqg<*p+(uo,...,uk—1) for some objects s, ..., fix_1.
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o Recursively define p + (o, ..., tk—1) = (p + po) + (pa, -+ -5 pok—1)-
q<pifqg<*p+{uo,...,uk1) for some objects o, ..., px_1.

@ In general, p <* g + p does not imply that p = p’ + 7 for some
p<*qand T2 p

Let's assume for a moment that 7 is limit.
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|
Warm up

Lemma
Let p = (p : o < n) be a pure condition and o < 1. Let d = dom(£Y).
Set g = jo(p) + meo(d). Thengla=p | a.

The context in the lemma is reasonable, since AL € E,(d), so
mcq(d) € ja(Aa).

Proof.
Say Pa = <fa,Aaa 'L_ia> Then Ja(p) = Oa(pﬁ) : 6 < TI>

v
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|
Warm up

Lemma
Let p = (p : o < n) be a pure condition and o < 1. Let d = dom(£Y).
Set g = jo(p) + meo(d). Thengla=p | a.

The context in the lemma is reasonable, since AL € E,(d), so
mcq(d) € ja(Aa).

Proof.

Say Pa = <fa,Aaa Fia)- Thfn ja(p) = Ua(pﬁ) : 6 < 77>-
For 8 < a, pg = (f3, Az, Hz) where f3 is a partial function from A to xg
whose domain has size xg.

v
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|
Warm up

Lemma
Let p = (p : o < n) be a pure condition and o < 1. Let d = dom(£Y).
Set g = jo(p) + meo(d). Thengla=p | a.

The context in the lemma is reasonable, since AL € E,(d), so
mcq(d) € ja(Aa).

Proof.

Say po = <fa,Aaa 'L_ia>- Thfn ja(p) = Ua(pﬁ) B < 77>'
For 8 < a, pg = (f3, Az, Hz) where f3 is a partial function from A to xg
whose domain has size kg. Thus jo(fz) = ju[fs]-

v
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|
Warm up

Lemma

Let p = (p : o < n) be a pure condition and o < 1. Let d = dom(£Y).
Set g = jo(p) + meo(d). Thengla=p | a.

The context in the lemma is reasonable, since AL € E,(d), so
mcq(d) € ja(Aa).

Proof.

Say Pa = <fa,Aaa Ha>- Then ja(p) = Ua(pﬂ) : 6 < 77>'

For 8 < a, ps = (f3, A, Hg) where f3 is a partial function from X to kg
whose domain has size k3. Thus jo(fg) = ju[fs]. Since dom(f3) C d, we
have dom(ja(f5) o mc; 1) = {7 € d :ja() € jalds]} = db.

For 4 € ds, jal(f5) 0 mea (7) = ja(£5)(ia(7) = jalFs(1)) = (7). The
rests are similar.

D/
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-
The Prikry property

Theorem

For each forcing statement ¢ and a condition p there is q <* p such that
either g |- ¢ or g I+ —¢.
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Some conclusions

Assume 7 is limit. Recall A = 7.

@ The forcing has a A chain-condition.
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Some conclusions

Assume 7 is limit. Recall A = 7.

@ The forcing has a A chain-condition.

o P\ «is Kl -closed.
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Some conclusions

Assume 7 is limit. Recall A = 7.

@ The forcing has a A chain-condition.
o P\ «is Kl -closed.

@ (Prikry property) For each forcing statement ¢ and a condition p
there is ¢ <* p such that either g I- ¢ or g IF —¢.

@ The strong Prikry property also holds. This implies that E;?F is
preserved.

SN E I ITEts S EE I (TG AWV Blowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020



Some conclusions

Assume 7 is limit. Recall A = 7.

The forcing has a A chain-condition.

o =t
P\ « is &} -closed.

(Prikry property) For each forcing statement ¢ and a condition p
there is ¢ <* p such that either g I- ¢ or g IF —¢.

@ The strong Prikry property also holds. This implies that E;; is
preserved.

e For ao < 7, a few cardinals in (Rq, q] are preserved. Hence Ky is
preserved, and is equal to N,. Hence A becomes N, 5.
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Some conclusions

Assume 7 is limit. Recall A = 7.

The forcing has a A chain-condition.

o =t
P\ « is &} -closed.

(Prikry property) For each forcing statement ¢ and a condition p
there is ¢ <* p such that either g I- ¢ or g IF —¢.

@ The strong Prikry property also holds. This implies that E;; is
preserved.

e For ao < 7, a few cardinals in (Rq, q] are preserved. Hence Ky is
preserved, and is equal to N,. Hence A becomes N, 5.
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scale

Assume 7 is limit.

Lemma
Let v € [Ry,A) and oo < n. Let D be the collection of p < q such that
Q « € supp(p).
@ If we enumerate supp(p) \ « in decreasing order as
ag >+ > ak_1 = «, then v € dom(f%,), the sequence of ordinals
defined inductively by setting vo = v and iy 1 = fi(v;) for as long as
7; € dom(f%)) reaches a stage where vx_1 is defined, and
Yk—1 € dom(£¥).
@ For € (a1, ), for every p € Ag, Yit1 € dom(p).
Then D is open dense below q.
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scale

Assume 7 is limit.

Lemma
Let v € [Ry,A) and oo < n. Let D be the collection of p < q such that

Q « € supp(p).

@ If we enumerate supp(p) \ « in decreasing order as
ag >+ > ak_1 = «, then v € dom(f%,), the sequence of ordinals

defined inductively by setting vo = v and iy 1 = fi(v;) for as long as
7; € dom(f%)) reaches a stage where vx_1 is defined, and
Yk—1 € dom(ﬁf).
@ For € (a1, ), for every p € Ag, Yit1 € dom(p).
Then D is open dense below q. )

For each such « and «, find p € G satisfying the lemma. Define
— fP
ty(a) = & (Y-1)-
Blowing up the power of cardinals which are Prikry Forcing OnlineDecember 14th, 2020



scale

Lemma
ty(«) is well-defined.

Proof (Sketch).

For p,q € G as in the previous lemma, we show that p and q define t,(«)
the same way. Let r € G, r < p,q. Enough to show that p and r agree on
ty(c) (Similar for g and r).
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scale

Lemma
ty(«) is well-defined.

Proof (Sketch).

For p,q € G as in the previous lemma, we show that p and q define t,(«)
the same way. Let r € G, r < p,q. Enough to show that p and r agree on
ty(c) (Similar for g and r). Enumerate supp(p) \ « in decreasing order as
ag > > Qo1 = .
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scale

Lemma
ty(«) is well-defined.

Proof (Sketch).

For p,q € G as in the previous lemma, we show that p and q define t,(«)
the same way. Let r € G, r < p,q. Enough to show that p and r agree on
ty(c) (Similar for g and r). Enumerate supp(p) \ « in decreasing order as
g > -+ > ak_1 = «a. For simplicity, assume r is just p 4+ u for some

IS Ag where 8 € (ap, ap—1).
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scale

Lemma
ty(«) is well-defined.

Proof (Sketch).

For p,q € G as in the previous lemma, we show that p and q define t,(«)
the same way. Let r € G, r < p,q. Enough to show that p and r agree on
ty(c) (Similar for g and r). Enumerate supp(p) \ « in decreasing order as
g > -+ > ak_1 = «a. For simplicity, assume r is just p 4+ u for some

IS Ag where 8 € (ap, ap—1). We have

for 10 fagofgofy o fl ()

Qp—1
:fcfkilo...fofnoféofof’n 0. fcfo('y)

—1

=fP o...fpo,uflouofapn o...f0 ()

-1

= fP ...fo’f"ofof’n_lo.. ()

Op—1
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scale

Lemma

In V[G], (t, :v € [Ry,A)) is <*-increasing.
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scale

Lemma
In V[G], (t, :v € [Ry,A)) is <*-increasing.

Proof (Sketch).

Let v < " and p € P. By extending p, assume v, € dom(f% ) where

ap > max(supp(p)). Assume that for o > ap domain of each object in Af
contains v and 7. Then p I Vo > ag(ty(a) < ty(a)). The key point is
every object is order-preserving.
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scale

Lemma

In V[G], (t, :v € [Ry,A)) is <*-increasing.

Proof (Sketch).

Let v < " and p € P. By extending p, assume v, € dom(f% ) where

ap > max(supp(p)). Assume that for o > ap domain of each object in Af
contains v and 7. Then p I Vo > ag(ty(a) < ty(a)). The key point is
every object is order-preserving. O

V.

Each t, is a function in ] ka. As a result, R, o = X = 2% = 2% jn

a<n
V[G].
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