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Prikry Forcing

Suppose k is a measurable cardinal, U is a normal measure over k.
Definition
Let P = {(p, A) |p € [k]=“ and A € U with min(A) > max(p)},
and for (p, A), (q,B) € P, (p,A) < (q, B) iff

p is a end extension of g, i.e., pN(max(q) +1) = g;

ACB

p\qCB.
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Intermediate Models of Prikry Forcing

Theorem (Gitik-Kanovei-Koepke, 2010)

Suppose V|G| is a generic extension given by Prikry forcing. Then
for any X € V[G], there is a subset C C Cg such that

VIX] = V[C]. Furthermore, the order structure of intermediate
models under inclusion is isomorphic to P(w)/finite.
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Several forcings adding reals are minimal, i.e. there are only trivial
intermediate transitive models of ZFC between the ground model
and its generic extension.

Question (Koepke-Rasch-Schlicht)

Is there any minimal Prikry-type forcing, which preserves all
cardinals while singularizing a measurable cardinal?
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Several forcings adding reals are minimal, i.e. there are only trivial
intermediate transitive models of ZFC between the ground model
and its generic extension.

Question (Koepke-Rasch-Schlicht)

Is there any minimal Prikry-type forcing, which preserves all
cardinals while singularizing a measurable cardinal?

Theorem (Koepke-Rasch-Schlicht, 2013)

There is a minimal Prikry-type forcing Py,.
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Definition of [P,

Fix a sequence U = (U, | @ < k) of pairwise disjoint normal
measures over k, and a sequence (A, | @ < k) of pairwise disjoint
subsets of k such that A, € U, for any a < k.

Definition

A set T C [k]<“ is called a U—tree with trunk ¢ iff
(T, Q) is a tree;
te Tandforanyse T,s<tor t<ds;

For any s€ T with t I s,
Succr(s) = {a | s7(a) € T} € Upax(s)-

For simplicity, assume Succr(s) = {a | s7(a) € T} C Apaxs)-
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Let Py = {(t, T) | T is a U-tree with trunk t}, and for any
<57 5>7 <t7 T> € Py,

(5,5 <(t, T) <= SC T,

(5,5) <*(t, T) <= SC Tand s=t.
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Combinatorial Property

Lemma

For a condition (t, T) € Py, for any s € T with t s and n> 0, if
c:Levris(|s| +n) = K, where T s={re T|s<rorrds},
there is an U—tree S C T with the trunk t, and an m < n such
that for any u,v € Levss(|s| + n),

c(u) =c(v) ifful (|s| +m)=v](|s|+ m).
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Theorem (Koepke-Rasch-Schlicht, 2013)

Suppose V|G| is a IP,y—generic extension, then for any X € V[(],

either X € V or VIX] = V[G].

Sketch of proof:We only consider the case: X C k, X ¢ V and
XNa € Vforany a < k. Fix a condition (¢, T).

Claim: VIX] E cflk) = w.
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Theorem (Koepke-Rasch-Schlicht, 2013)

Suppose V|G| is a IP,y—generic extension, then for any X € V[(],

either X € V or VIX] = V[G].

Sketch of proof:We only consider the case: X C k, X ¢ V and
XNa € Vforany a < k. Fix a condition (¢, T).

Claim: VIX] E cflk) = w.

There is a direct extension (t, T') <* (t, T) such that for any

re T with t <r, there is an A(r) such that for any ¥ € Succ/(r),
(/T 1) I Xy max(r) = A(r) N max(?). Since X ¢ V,

X # A(r). Let a, be the minimal « such that XN a # A(r) N a.
Level by level, we can get a cofinal sequence of k using the
information of X.

Minimal Magidor-type Forcing (Countable Case)



Introduction
0000000@

Let (xm | m < w) € V[X] witnesses this;

For each xp,, by the combinatorial property, we can thin out T’ to
S, so that there is a n, < w such that for any u,v € Slthtnm y—
iff the values of x, decided by (u,S | u) and (v, S | v) are the
same one, which means that the value of x;, and Cg [ (|t| + nm)
are mutually computable.

Since X ¢ V, so from X, we can compute the whole Cg.
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Theorem (Benhamou and Gitik)

Let U be a coherent sequence such that oY(k) < k. Then for every

V-generic filter G C M[U], and every A € V|G, there is Cy C Cg
such that VIA] = V[(].
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Theorem (Benhamou and Gitik)

Let U be a coherent sequence such that oU(m) < k. Then for every
V-generic filter G C M[U], and every A € V|G|, there is Cy C Cg
such that VIA] = V[(].

Question

Is there any Magidor-type forcing M, which satisfies some similar
minimal property?
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Theorem (Benhamou and Gitik)

Let U be a coherent sequence such that oU(m) < k. Then for every
V-generic filter G C M[U], and every A € V|G|, there is Cy C Cg
such that VIA] = V[(].

Question

Is there any Magidor-type forcing M, which satisfies some similar
minimal property?

(Weak form) If X € V|G|, and in V[X], Cs(0) is singularized,
then V[Cg | 4] C V[X];
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Theorem (Benhamou and Gitik)

Let U be a coherent sequence such that oU(n) < k. Then for every
V-generic filter G C M[U], and every A € V|G|, there is Cy C Cg
such that VIA] = V[(].

Question

Is there any Magidor-type forcing M, which satisfies some similar
minimal property?
(Weak form) If X € V|G|, and in V[X], Cs(0) is singularized,
then V[Cs | 8] C V[X];
For any X € V|G|, there is some limit § such that

VIX] = VICq I 4].
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Theorem

Suppose 0 is a countable limit ordinal, V|G| is a generic extension
given by a minimal Magidor-type forcing Ms[U]. Then for any
X € V|G|, there is a §' < 6 such that V[IX] = V[Cg | &'].
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Let us fix a sequence of pairwise disjoint normal measures U = (U2
| o < wi,x € [K]<¥) over K, a sequence of pairwise disjoint subset
A= (A% | a < wy,xe [k]<) of k and a sequence of function

(ha | @ < w1) such that

U < U}ﬁ, for any a < 8 < wj and x,y € [k]<¥, where U < Ue
means U} € Ult(Ue, V);

For any o < wy and x,y € []<¥, A? € U2 and
min(AY) > max(xU {w1});

For any a < 8 < wj and x € [k]<¥,
[halye = (U3 | y € [5]<%), and if v € AL,
ha(7v) = (uy | y € [y]=¥) is a sequence of normal measures
over v, and AJ N~y € uy for any y € [7]<¥.

For simplicity, let hy(k) = (U% | x € [k]<¥) for every a < wy.
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Fix a countable limit ordinal §.

Definition

A function /: § — w is a level function of ¢ iff for any
a=wM+ ... +w** < with ag > ... > ay and k> 0,

(w4 .. + w) > (w® + ... + w-1);
For any n < w, |[F(n)| < w.
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Suppose / is a level function of §, let K; = (§, <), where
Vo, < d a =< iff a < g and () < I(B).

I'is a minimal level function of ¢ iff K| satisfies that for any

unbounded subset x of some limit ordinal 5 < 4,

x={a<pf|3Iyex(a=x7)}=0,ie., the downward closure of x
in Kjis 3.

For any such /, we will define a minimal Magidor-type forcing

M.
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We define a function / with dom(/) = {(«, B) | « is a countable
limit ordinal and 5 < a} by induction.
lw, k) = k for k < w;
If « = w?, where 7 is a successor ordinal, let oy = wY L. k for
k < w;
If @« = w?, where 7 is a limit ordinal, let (74 | 0 < k < w) be a
cofinal increasing sequence of ~.
Let ay = w* if 0 < k< w, and ag = 0.
For i < ag, let (o, i) = (a1, i);
For ap < i< apqr, let o, i) = a1 — a, i — ay) + k—1;
If o =wm + ... +w’ with y3 > 72 > ... > v, > 0. Let
Q= Zo<j<k+1 wl for 0 < k< n—+ 1.
For ax < i< agy1 with some 0 < k< n+1, let
e, i) = o1 — o, i — ay) + k— 1.
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Let Is(or) = (0, &) for o« < §. Then Is is a minimal level function of
J.

We can prove this by induction. For o = w® + ... + w* < § with
io>..>ixrand k>0, aand o/ = w + ... + w1 is in the same
part, or & = am, and & = amt1. In both cases, I(o') < /(«);

For ax < i< aks1, o, i) = Noags1 — ap, i — o) + k—1> k—1,
so |I71(n)] < w by induction.
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Example 6 = w

Fi(n)={wx(n+1),wxn+1,..,w+n,n}
In K, a < B iff a < B and I(a) < I(3).

wx3+4
wXx2+44,wx3+3

6

5

4 4 wH+4d wx24+3 1 wx3+2
3 3 wH+3twx24+21twx3+1
2 2 wH2aqwx2+1 w X3
1 1 w+ 1l wx?2

0 0 w
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Notation

Fix a level function / of 9§, and for simplicity, we will omit the /, i.e.
we will say K rather than K; and M[U] rather than M[[U].
We say x € [5]<“, means that x € [s\ w1]<*, and [xN AJ| < 1 for
any o < wi, y € [k]<¥ with min(y) < §. So we can view x as a
partial function from a finite initial subset of K to x, where for
a € x with o € AJ, x(min(y)) = a.
For a C K, we mean ais a finite initial subset of K. Fix a
x€[k]™¥, ac Kand a < 4.

x~ = x\ {max(x)};

a={f<al|B=2al

a” = (a)7;

a~ =a\ {max(a)};

as={f<0|Va<pacal
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Definition

For an x € [k]<“ with dom(x) = b, and b C a C K, suppose for
any ¢ C a, we have defined DS. Let & = max(a )\ b).

If « = max(a), for X C [r]<¥, X € D2 iff

1 {B|B<ryu{Bextelds teDi
If o < max(a), let v = min(b\ (« +1)). For X C [s]<¥, X € D2 iff

{y1 {818 <k yU{B}€X}€hyey(x(v))({a} Uyl )} € DT
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A set T C [5]<% is a U—tree with trunk t iff
(T, Q) is a tree;
For every s€ T, s | dom(t) C t;

For t < u with a = dom(u),
Succr(u) ={re T | dom(r) = as,r [ a= u} € D.
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Definition
Let M[U] = {(t, T) | Tis a U—tree with trunk t}, and for
(s,9),(t, ) € M[U],
(5,9 <(t, )iff SC T;
(5,S) <*(t, T) iff SC Tand s=t.
In the latter case, we call (s, S) is a direct extension of (¢, T).
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Combinatorial Properties

Definition

For u, v € [k]<“, let type(u, v) € 3!“ denote the order
configuration of u and v, i.e., if s= (§; | i < k) is the strict
increasing sequence with uU v =s,

0, ifé&eu—v,
type(u,v)() =1, if&euny,
2, if&ev—u.
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Combinatorial Properties

Lemma

Fori=1,2, if t; C a; X; € D7/, and F: X1 x Xp — X for some X
less than the least measurable cardinal, then there are some
Y; e D‘Z," such that for any u € Y1 and v € Ys, the value of F only

depends on type(u, v).
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Lemma

Let X € D7, where dom(t) C a, and F: X — k. Then we have a
Y € D7 and a dom(t) C b C a such that

Vx,y € Y(F(x)=Fly) < x[ b=yl b). (1)
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Lemma

Let X € D3, where dom(t) C a, and F: X — k. Then we have a
Y € D7 and a dom(t) C b C a such that

Vx,y€ Y (F(x)=Fly) <& x b=yl b). (1)
We prove this by induction. Thin out X to X/, so that there is an

IC a;={a€a| thereisno /5 € asuch that a < 3} such that
Vu,ve X(ul (a—ar) = v (a—ar) = (Flu)=Fv) < ull=v])
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Lemma

Let X € D3, where dom(t) C a, and F: X — k. Then we have a
Y € D7 and a dom(t) C b C a such that

Vx,y € Y(F(x)=Fly) < x[ b=yl b). (1)

We prove this by induction. Thin out X to X/, so that there is an
IC a;={a€a| thereisno /5 € asuch that a < 3} such that

Vu,ve X(ul (a—ar) = v (a—ar) = (Flu)=Fv) < ull=v])
If /# a;, by induction; if | = a;, define
~Jo, if F(x) = F(y);
Gl y) = {1, otherwise.

By the above lemma, we can thin out X' to Y, so that for any
uve Y, if u=viff Flu) = F(y).
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Lemma

Suppose that A is an open dense subset of I\/I[U]

p=(t, T) € M[U]. Then there is a direct extension

(t, Ty <* (t, T) such that for any finite subset dom(t) C a C K, if
some (s,S) < (t, T') with t s, a= dom(s) and (s,S) € A, then
for any (r,R) < (t, T') with a C dom(r), we have (r,R) € A.
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Suppose that A is an open dense subset of I\/I[U]

p=(t, T) € M[U]. Then there is a direct extension

(t, Ty <* (t, T) such that for any finite subset dom(t) C a C K, if
some (s,S) < (t, T') with tJs, a= dom(s) and (s,S) € A, then
for any (r,R) < (t, T') with a C dom(r), we have (r,R) € A.

Proof.
Let F: T? — 2 such that for any s € T?,

F(S) _ 07 if E|<S, TS> S* <57 T r 5> such that <S, T5> € A,
B 1, otherwise.
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Suppose that A is an open dense subset of I\/I[U]

p=(t, T) € M[U]. Then there is a direct extension

(t, Ty <* (t, T) such that for any finite subset dom(t) C a C K, if
some (s,S) < (t, T') with tJs, a= dom(s) and (s,S) € A, then
for any (r,R) < (t, T') with a C dom(r), we have (r,R) € A.

Proof.
Let F: T? — 2 such that for any s € T?,

0, if3(s, Ts) <* (s, T [s) such that (s, T5) € A,

F(s) =
1, otherwise.

Then there is a Y € D such that F | Yis a constant function. Let

T, be the amalgamation of T for every s€ Y. Let T’ be the

intersection of all these T,. O
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Suppose (t, T) IF x € Ord, then there exists a direct extension

(t, T') of (t, T) and a dom(t) C a C K such that for every
(s,S) < (t, ') with dom(s) O a, we have (s, S) || .

Let A={pe M[U] | p|| X}, we know A is a dense open set of
M[U]. So by the above Lemma, we are done. O
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Lemma

If |A| < Ao, where A is the least measurable cardinal and A is a set
of ordinals, then V[A] = V[Cg | &'] for some limit ordinal &' < 4.
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Lemma

If |A| < Ao, where A is the least measurable cardinal and A is a set
of ordinals, then V[A] = V[Cg | &'] for some limit ordinal &' < 4.

Proof.

By the above Lemma, for any (t, T) IF X € Ord, there exists a
direct extension (t, T') of (t, T) and a dom(t) C a C K such that
for every (s, S) < (t, T') with dom(s) D a, we have (s,S) || X;
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If |A| < Ao, where A is the least measurable cardinal and A is a set
of ordinals, then V[A] = V[Cg | &'] for some limit ordinal &' < 4.

Proof.

By the above Lemma, for any (t, T) IF X € Ord, there exists a
direct extension (t, T') of (t, T) and a dom(t) C a C K such that
for every (s, S) < (t, T') with dom(s) D a, we have (s,S) || X;

Now for any u € T2, let F(u) = v iff (u, T [ u) IF Xx=7%. We can
thin out 772 to X such that there is a dom(t) C I C a, for any
uveX Fu)=Fuv)iffull=v]I

Soif A= (x¢ | £ <n), Aand Cg [ Ugcple can be mutually
computable. O
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Lemma

Suppose AC k, AN € Vforany a < k and A ¢ V. For any
p=(s,S) € M[U], we can find a direct extension p* = (s, T) <* p,
and for any o < ¢, a finite subset & C a,, C « + 1 such that

Vre T« (r, T| r)HAﬂ max(r). (2)

From the Lemma, we can prove that in V[A], there is a cofinal
sequence (V¢ | £ <n) of K, where np < 0 is limit, such that

ve > Cg(§) for any € < 1.
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Generalization: level function

For minimal level function /, we have the following correspondence:

o o Combinatorial Property
Initial segments of K/finite Intermediate models
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Generalization: level function

For minimal level function /, we have the following correspondence:

o o Combinatorial Property
Initial segments of K/finite Intermediate models

It seems that we can generalize this correspondence to level
function of .
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Generalization: uncountable case

We can't directly generalize to uncountable case, since if so, the
height of K will be uncountable, or at some level, there are
uncountable elements.
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