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Problematic sentences

Many sentences contain quantifiers that range over a proper class.

∀ Everything is equal to itself.

∀ Every group has a least subgroup.

∀ Addition of ordinals is associative.

∃ An empty set exists.

∀∃∀ Every set generates a free group.

¬∀∃∀ Not every set generates a free complete boolean algebra.

∀ The generalized continuum hypothesis.

∀∃ Every set is contained in a Grothendieck universe.
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Meaningful?

Burali-Forti/Russell paradoxes suggest a problem.

Bernays, Parsons, Dummett: there’s a problem

For a sentence to have a clear-cut meaning, the range of each
quantifier must be a definite totality. No ambiguity or haziness.

What about the totality of ordinals?
Absolutely all ordinals, however large.

Its order type is a larger ordinal that we forgot to include [Maddy].

∴ Not definite.

Boolos, Cartwright: there’s no problem

Quantifying over all ordinals doesn’t imply that they form a “totality”.
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Safe mathematics

This problem doesn’t affect sentences like the continuum hypothesis,

as every quantifier ranges over a set.

We consider such sentences “safe”.

Goal

To isolate the “safe” part of mathematics

that doesn’t invoke proper classes, even as the range of a quantifier.
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TOPS = Theory of Particular Sets

We formulate TOPS using Natural Deduction.

Similar to ZFC, e.g. Foundation and Choice are included.

Two differences from ZFC:

1 Every quantifier ranges over a set.

2 Urelements are allowed.

The latter is not essential, but increases the theory’s generality
without affecting sentences.
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Syntax

There are many equivalent formulations, so this is largely a matter of taste.

Terms

r, s, t, A,B ::= x | ∅ | A ∪B |
⋃
a∈AB(a) | {r || φ} | UE(A)

| IR(s/x.r) | WR
x,y.φ/z,Y.r
∈A (s) | PA

Propositional formulas

φ, ψ ::= False | True | φ ∨ ψ | φ ∧ ψ | φ⇒ ψ | ¬φ

| ∃x∈A. φ | ∀x∈A. φ | s = t

| IsSet(A) | s ∈ A | Wx,y.φ
∈A (s)
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Strength?

TOPS is rather powerful, e.g. it proves Borel determinacy.

It has an extension Mahlo TOPS that provides inaccessible cardinals,
hyperinaccessible and so on.

On the other hand:

TOPS is weaker than ZFC.

Mahlo TOPS is weaker than Mahlo ZFC.
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Thesis

Mahlo TOPS achieves our goal.

It captures precisely the “safe” part of mathematics
that doesn’t invoke proper classes.

Caveat: it doesn’t capture reflection on itself.
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Novelty?

Systems equivalent to TOPS and Mahlo TOPS
have appeared in the work of John Mayberry (1977 and later)
though he advocated weaker theories.

The principal difference

TOPS distinguishes between sentences and open formulas.

This is important for our goal.
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Application: Grothendieck universes

Grothendieck universes (= inaccessible cardinals) are often considered
desirable, e.g. for category theory and algebraic geometry.

Option 1: ZFC + Universe axiom

Universe axiom is intuitive but ad hoc.

Immediately suggests stronger principles, based on the same intuition.

Option 2: Mahlo ZFC

Gives all those intuitive hyper∗inaccessible cardinals ©

but also sets constructed using rules that quantify over all sets. §

Fine for Boolos and Cartwright.

Worrying for the rest of us. Conjecture: inconsistent.

Mahlo TOPS gives all the hyper∗inaccessible cardinals
without invoking an absolute totality of sets.
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